5.2 The Definite Integral

From the last section we know . ..
limy, e 2iieq f(x)Ax = limy, oo [f (x1)Ax + f(x)Ax + f(x3)Ax + -+ + f(x,)Ax] is found when computing
an area.

This same type of limit occurs in a wide variety of situation even when £ is not at positive function.

Definition of a Definite Integral: If f is a function defined for a < x < b, we divide the interval [a, b] into n
subintervals of equal width Ax = b%a. We let xy = a, x4, x5, X3,**, X, = b be the endpoints of these

subintervals and we let x{, x5, x3, -*-, x,, be any sample points (right, left, midpoints, etc...) in these
subintervals, so x; lies in the i*" subinterval [x;_, x;]. Then definite integral of f fromatob is

! .
ja Fdx = lim Z A

.- provided that this limit exists and gives the same value for all possible choices of sample points. If it
does exist, we say that £ is integrable on [a, b].

[ is the integral sign. In f: f(x)dx, f(x)is the integrand, a and b are the limits of integration where a

is the lower limit and b is the upper limit, dx indicates that the independent variable is x and the function
is being integrated with respect to x.

. f(x{)Ax is the Riemann Sum. If £is positive, then the Riemann Sum is the sum of area of
approximating rectangles.

Since f; fx)dx = lim,_, 2= f(x])Ax, we can see that f; f(x) dx can be interprested as the area under

the curve y=f(x) fromatob.
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If £ is both positive and negative, then the Riemann Sum is the sum of the areas of the rectangles that lie
above the x-axis minus the areas of the rectangles that lie below the x-axis. For the diagrams below, the
area would be interpreted as:

b
fa fl)dx = A; + A3 — A,

A

We have defined the integral for an integrable function, but not all functions are integrable.
Theorem: If fis integrable on [a, b], then
b n
f FG)dx = lim > f(x)x
a meE
where Ax = b;—a and x; = a + iAx

Example: Evaluate f 3(x3 — 6x)dx using the second theorem above.

-a 3-0 3 .3 3i

We have f (x3 = 6x)dx = lim, o 21 f(x;)Ax, where Ax = T = == and x; = 0+ i—=—
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This integral can’t be interpreted as an area since £ takes on both positive and negative values and areas
can’t be negative.

Example: Evaluate the following integrals by interpreting each in terms of geometric areas. In other
words, you will use geometric area formulas. f(x) is graphed below.

a) foz f(x)dx K
b) [ f(x)dx ' PP S T
oJf 06 f(x)dx

2) JZF)dx = Ay + Ay + A5 = (DD + 2D + @) =1+ 5+2=3.5

Q) Jy F)dx = Ay + Ay + A3 + Ay — As = (D) +3 (DD + B)(Q@) +5 (D) -5 (D)
=1+5+6+1-1=75

Properties of the Definite Integral - assume thata <b.



a b
bff(x)dxz —If(x)dx

Ifa=Db, then Ax = 0 and

a
J f(x)dx =0
a
Properties of the Integral
b

1. f c-dx = c(b— a), where cis any constant

a
b b

b
2. [I£G0 + gGldx = [ fGdx+ [ gax

a
b b

3. fc f(x)dx =c- ff(x)dx, where c is any constant
a

a

b b b
4. [Irw - g@lax = [ rdx - | gwax

5. ff(x)dx+ff(x)dx=ff(x)dx

For Property #5, below is a graphical representation.
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Comparison Properties of the Integral.
6. If f(x) >0 fora<x<b, then...

b
Jf(x)dx >0

7. If f(x) = g(x) fora < x < b, then ...



b b
jf(x)dxz fg(x)dx
8. Ifme(x)SMforanSb,then(.l.. ’

b
m(b —a) < jf(x)dx <M(b—a)

All of these properties can be proved.

Example: Use property 8 to estimate the value of the integral.
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f tan(x) dx
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4

Graph the tangent function from %to g We see that 1 < tan(x) < 3 for% <x< g

Thus:
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